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Nonlinear interactions in optomechanical systems play a crucial role in many emerging number
of interesting studies and phenomena such as existence of optomechanical chaos introduced by
F. Monifi et al. [Nature Photonics 10, 399405 (2016)] and optomechanical symmetry breaking
proposed by Zhong-Peng Liu et al. [Phys. Rev. Lett.117, 110802 (2016)]. In this article we have
theoretically examined quadratically coupled optomechanical system containing two atomic levels.
We have first studied the solution of various modes of the system at steady state and later we
have observed the variation of Transmission Intensity (T ) with several parameters of the system.
Further we have extended our analyzation to find Drift matrix of the quadratic optomechanical
system and stability conditions by adiabetically eliminating atomic degree of freedom.
keywords: Nonlinear interaction . Optomechanical system . Langevin equation . Trans-
mission amplitude . Drift matrix . Adiabetic elimination
1. INTRODUCTION
Optomechanical coupling via radiation pressure is a very successful approach to prepare and
manipulate quantum states of mechanical oscillators. A widely used cavity optomechanical system,
is represented by a single mode Febry-Pe´rot cavity with one movable end (i.e. less heavy mirror).
The average position of the movable mirror is controlled by radiation pressure of light intensity in-
side cavity. This circulating intensity introduces an interaction between the cavity and mechanical
degree of freedom. Coupling of optical and mechanical degrees of freedom influenced by externally
applied radiation pressure has many applications from gravitational-wave detectors[1, 2] to laser
cooling[3–5]. A large amount of studies of optomechanical systems deals with linear optomechanical
coupling where, the cavity mode couples to the position of the movable mirror. Linear coupling
has wide variety of applications such as, it is used for quantum ground state cooling[6–10] of the
mechanical mirror, entanglement between light and the mirror[11–13], electromagnetically induced
transparency[14, 15], optomechanical induced transparency[16] and studies concerning normal-mode
splitting[17, 18]. In several works quadratic optomechanical coupling have also been considered
where, the cavity mode is coupled to the square of position of mechanical operator. Quadratic
optomechanical coupling has many applications such as it has been used to observe quantization
in mechanical energy[19], traditional two phonon laser cooling[20], tunable slow light[21], photon
blockade[22], optomechanics at a single photon level[23] etc. In this article we have considered the
variation of transmission intensity of an optically driven quadratic optomechanical system contain-
ing two atomic levels with various parameters of the following system. Previously, the variation
of optical response (optical transmission) within two sideband limits[24] of cavity detuning for a
linearly coupled optomechanical system has been discussed analytically as well as numerically in
Ref.[25] which we have reproduced on the way for quadratic optomechanical system.
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2This work is organized as follows, in section (2) we have briefly discussed the constriction of op-
tomechanical system followed by the Hamiltonian in mode as well as quadrature representation. In
section (3) we have observed the dynamics of the system using quantum Langevin equation which
followed by a steady state treatment. Under the steady state conditions we have analytically found
out the dependence of cavity mode on mechanical and atomic modes. A mathematical expression
of transmission amplitude and transmission intensity has been obtained by using the results of
section (3) in (4) followed by schematic plotting of transmission amplitude with various parameters
of the system. In the section (5) we have constructed a drift matrix of the quadratically coupled
optomechanical system by observing dynamics of the system and introducing infinitesimal quantum
fluctuations to the steady state values. Finally the article has been concluded in section (6).
2. SYSTEM HAMILTONIAN
In our system, we have considered an optomechanical system containing two level electronic
system. Our system consists of mode of single frequency of single Febry-Pe´rot optical cavity and
a single two level system inside the cavity. The arrangement of cavity is such that, it has one
mirror which is heavier than the other and the heavier mirror is fixed in space hence, the lighter
mirror can oscillate while exposed to radiation pressure with variable driven frequency (ωD). To
find the dynamical as well as steady state solutions we have used quantum Langevin equations. The
optomechanical system has been driven by an external coherent field, αc = e
−iωDt of single mode
driven frequency ωD. The smaller and less heavier mirror is oscillating at a single mode frequency
ωm under the radiation pressure and its damping rate denoted by Γ. Hence our system Hamiltonian
will be divided into two parts, Hom representing the Hamiltonian of the optomechanical system and
He represents the Hamiltonian of two level electronic system. The optomechanical hamiltonian of
the system is given by,
Hˆom = ~ωaaˆ†aˆ+ ~ωmbˆ†bˆ+ ~gopaˆ†aˆ
(
bˆ+ bˆ†
)2
− iη~(aˆ†e−iωDt +H.c.) (1)
In Eq.(1) the first and second term represents free energy of optical cavity and mechanical resonator
with aˆ†(aˆ) and bˆ†(bˆ) are the creation(annihilation) operators of cavity and mechanical resonator. gop
is the optomechanical coupling strength between cavity and mechanical mode(less heavier mirror)
of the system.
After inserting the two level system inside the cavity, the contribution of two-level system must be
included via the Hamiltonian,
Hˆe = ~
2
ωeσˆz + ~g(σˆ+aˆ+ σˆ−aˆ†) (2)
where, g is the coupling constant between the cavity field and two level system and, σˆ+, σˆ− and,
σˆz are the Pauli operators. For low excitation probability, the quantity,
1
2
(〈σˆz〉 + 1)  1, which
allows us to apply the Holstein-Primakoff [26] approximation in which atom is modeled by harmonic
oscillator, so σˆ− → eˆ, σˆ+ → eˆ† and σˆz ≈ 2eˆ†eˆ. Hence the atom Hamiltonian of our system,
Hˆe = ~ωeeˆ†eˆ+ ~g(eˆ†aˆ+ eˆaˆ†) (3)
The total Hamiltonian of the system,
Hˆ = Hˆom + Hˆe
3using Eq.(1) and Eq.(3) we get,
Hˆ = ~ωaaˆ†aˆ+ ~ωmbˆ†bˆ+ ~gopaˆ†aˆ
(
bˆ+ bˆ†
)2
+ ~ωeeˆ†eˆ+ ~g(eˆ†aˆ+ eˆaˆ†)− iη~(aˆ†eˆ−iωDt +H.c.) (4)
2.1. Quadrature Representation
We may define our optomechanical Hamiltonian (1) in terms of quadrature of the mechanical
mode i.e. bˆ =
Qˆ+ iPˆ√
2
and bˆ† =
Qˆ− iPˆ√
2
as,
Hˆom = ~ωaaˆ†aˆ+ ~ωm
2
(
Qˆ2 + Pˆ 2 − 1
)
+ 2i~gopaˆ†aˆQˆ2 − iη~(aˆ†eˆ−iωDt +H.c.) (5)
3. DYNAMICS OF THE SYSTEM
To get valuable information of the optomechanical system defined by Eq. (4) we need to observe
the dynamics of the system. For this purpose we used Quantum Langevin Equations given by,
daˆ
dt
=
i
~
[Hˆ, aˆ]− 
2
aˆ+
√
2aˆin (6a)
dbˆ
dt
=
i
~
[Hˆ, bˆ]− Γ
2
bˆ+
√
2Γbˆin (6b)
deˆ
dt
=
i
~
[Hˆ, eˆ]− γ
2
eˆ+
√
2γeˆin (6c)
where, , Γ and γ are cavity, mirror and atomic mode damping. Now by expanding Eq.(6a)-(6c)
we get,
daˆ
dt
= −iωaaˆ− igeˆ− igopaˆ
(
bˆ+ bˆ†
)2
− ηe−iωDt − 
2
aˆ+
√
2aˆin (7a)
dbˆ
dt
= −iωmbˆ− 2igopaˆ†aˆ
(
bˆ+ bˆ†
)
− Γ
2
bˆ+
√
2Γbˆin (7b)
deˆ
dt
= −iωeeˆ− igaˆ− γ
2
eˆ+
√
2γeˆin (7c)
The nonlinear terms in Eqs.(7a) and (7b) are arising due to the coupling between cavity and the
quadratically moving mirror. Simplification of these type of equations are difficult to handle due
to the complexity of calculations but with the help of quadratic representation given in Eq.(5) it
can be easily analysed. To simplify the Eqs.(7a)-(7c) we use Rotating Wave Approximation (RWA)
4where we replace aˆ→ aˆ[exp(−iωDt)], bˆ→ bˆ[exp(−iωDt)] and, eˆ→ eˆ[exp(−iωDt)] and arrive at,
daˆ
dt
= −i∆aaˆ− igeˆ− igopaˆ
(
bˆ+ bˆ†
)2
− η − 
2
aˆ+
√
2aˆin (8a)
dbˆ
dt
= −i∆mbˆ− 2igopaˆ†aˆ
(
bˆ+ bˆ†
)
− Γ
2
bˆ+
√
2Γbˆin (8b)
deˆ
dt
= −i∆eeˆ− igaˆ− γ
2
eˆ+
√
2γeˆin (8c)
where, ∆i = ωi−ωD, i = a,m and, e representing cavity, mechanical and atomic level detuning. The
expectation values of the system’s operators can be used as observables to get proper information
of the dynamical behaviour of the system hence, from Eqs.(8a)-(8b) we get,
d ˆ〈a〉
dt
= −i∆a〈aˆ〉 − ig〈eˆ〉 − igop〈aˆ〉
(
bˆ+ bˆ†
)2
− η − 
2
〈aˆ〉 (8d)
d〈bˆ〉
dt
= −i∆m〈bˆ〉 − 2igop〈aˆ†aˆ〉
(
bˆ+ bˆ†
)
− Γ
2
〈bˆ〉 (8e)
d〈eˆ〉
dt
= −i∆e〈eˆ〉 − ig〈aˆ〉 − γ
2
〈eˆ〉 (8f)
where we have consider the expectation values of the noises are null i.e. 〈aˆin〉 = 〈bˆin〉 = 〈eˆin〉 = 0
3.1. Steady State Dynamics
In this section we are about to study the steady state dynamics of the system which can be
achieved by equating the RHS of Eqs.(8d)-(8f) to zero,
0 = −i∆a〈aˆ〉 − ig〈eˆ〉 − igop〈aˆ〉
(
bˆ+ bˆ†
)2
− η − 
2
〈aˆ〉 (9a)
0 = −i∆m〈bˆ〉 − 2igop〈aˆ†aˆ〉
(
bˆ+ bˆ†
)
− Γ
2
〈bˆ〉 (9b)
0 = −i∆e〈eˆ〉 − ig〈aˆ〉 − γ
2
〈eˆ〉 (9c)
Further analyzation leads to,
0 = −
( 
2
+ i∆a
)
〈aˆ〉 − ig〈eˆ〉 − igop〈aˆ〉
(
bˆ+ bˆ†
)2
− η (10a)
0 = −
(
Γ
2
+ i∆m
)
〈bˆ〉 − 2igop〈aˆ†aˆ〉
(
bˆ+ bˆ†
)
(10b)
0 = −
(γ
2
+ i∆e
)
〈eˆ〉 − ig〈aˆ〉 (10c)
5by simplifying the above expressions we get,
〈eˆ〉 = −ig〈aˆ〉(γ
2
+ i∆e
) (11)
〈bˆ〉 = −2igop〈aˆ
†aˆ〉(bˆ+ bˆ†)(
Γ
2
+ i∆m
) (12)
−
[( 
2
+ i∆a
)
+ igop(bˆ+ bˆ
†)2
]
〈aˆ〉 − ig〈eˆ〉 = η (13)
Using Eq.(11) on Eq.(13) we finally get,
〈aˆ〉 = − η( 
2
+ i∆
)
+
g2(γ
2
+ i∆e
) (14)
where, ∆ = ∆a + gop(bˆ+ bˆ
†)2
4. TRANSMISSION AMPLITUDE AND INTENSITY
To observe the optical response of the cavity with the environment we need to focus on the
transmission intensity of the system which can be evaluated after calculating complex transmission
amplitude. By using input-output formalism we found the transmission amplitude as[25, 27],
AT = −η〈aˆ〉 (15)
by using Eq.(14) we get,
AT = η
2( 
2
+ i∆
)
+
g2(γ
2
+ i∆e
) (16)
The Transmission Intensity can be evaluated as, T = |AT |2.
T = η
4(
2
4
+ ∆2
)
+
g4 + (
γ
2
− 2∆∆e)g2(
γ2
4
+ ∆2e
)
(17)
4.1. Numerical Plotting
Fig. [1] shows the variation of T with ∆ where, we can observe for ∆e = 0, the T shows
maximum value 0.04 at ∆ = 0 hence, under this specific condition ∆ = 0 is the resonance position.
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FIG. 1: The variation of T with ∆ for (1) ∆e = 0, (2) ∆e = 1, (3) ∆e = 5 and, (4) ∆e = 10 and it can
observed as, the value of ∆e = ωe − ωD increases, mismatch between the frequencies of incident optical
pumping and two level system atom raises; which leads to an enhancement in Transmission Amplitude.
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FIG. 2: Variation of T with g for (1) ∆ = 0, (2) ∆ = 0.5, (3) ∆ = 1 and, (4) ∆ = 2. It can be observed
from the plot that, at ∆ = 0, T shows maximum value with no coupling between the atomic levels and
optical pumping and, as the coupling increases T degrades rapidly.
For, ∆e = 1 the T shows maximum value of ≈ 0.112 at ∆ ≈ 1.95 hence, ∆ = 1.95 is the resonance
position. For, ∆e = 5 the T shows maximum value of ≈ 0.76 at ≈ ∆ = 0.75 hence, ∆ = 0.75 is
the resonance position. For, ∆e = 10 the T shows maximum value of ≈ 0.93 at ≈ ∆ = 0.4 hence,
∆ = 0.4 is the resonance position. Finally, for ∆e = 100 the T shows maximum value of 1.0 at
∆ = 0 hence, ∆ = 0 is the resonance position again. So, it can be observed form the plot that as,
we increase ∆e from 0 to 100 the resonance position varies from 0 to ≈ 2 and gradually comes back
to 0 near ∆e ≈ 100. It has been observed that for a variation of ∆e from 0.0 to 5; T varies rapidly
from 0.04 to 0.76 but this variation rapidity drastically reduces when we vary ∆e from 5 to 100.
In Fig. [2] we have plotted the variation of Transmission Intensity with coupling coefficient g for
(1) ∆ = 0, (2) ∆ = 0.5, (3) ∆ = 1 and, (4) ∆ = 2 by considering  = 2, γ = 2, η = 1 and,
∆e = 0. The figure shows variation of T with coupling between the cavity photons and two level
system g and it can be observed that, as the coupling varies from 0 to 0.2, T remains constant
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FIG. 3: Optical transmission intensity T as a function of cavity detuning ∆a. For (1) ωm = 0.2, (2)
ωm = 0.4, (3) ωm = 0.6 and, (4) ωm = 1.0.
and, an increment in g from 0.3 to 1.0 rapidly decreases T and the it gradually tends to saturate.
Further increment in g above 1.5 puts T to saturation at a value ≈ 0.05. But at the same time an
increase in ∆ from 0 to 2 reduces T at position g = 0 i.e. the maximum achievable value of T for
a particular value of ∆.
In Fig.[3] we have reproduced the results demonstrated in Ref.[25] (see. Fig.[3] of Ref.[25]) by
plotting transmission intensity T with the optically driven field frequency ωD for Upper Sideband
of cavity detuning i.e. ∆ = ∆a + ωm when ωa = ωe = 0 for, η = 1,  = 2, g = 2 and γ = 2 for
(1) ωm = 0.2, (2) ωm = 0.4, (3) ωm = 0.6 and, (4) ωm = 1.0. ∆ = ∆a + gop(bˆ + bˆ
†)2 = ∆a ± ωm
which describes Upper and Lower Sideband of cavity detuning. Now the distinguishable factor of
our outcome with the previous results described as follows,
when, gop > 0 we can only consider the Upper sideband of cavity detuning i.e. (∆a + ωm) which
makes gop(bˆ+bˆ
†)2 = ωm or, 2Qˆ2 =
gop
ωm
and the mirror displacement Qˆ = ±
√
gop
2ωm
which completely
describes the to and fro motion of the mechanical mirror due to the impact of radiation pressure
but,
for the Lower Sideband i.e. (∆a − ωm) and, −gop(bˆ+ bˆ†) = ωm mirror displacement Qˆ represented
by a completely imaginary entity which is impossible as Qˆ is real.
5. DRIFT MATRIX
In this section we will construct the Drift Matrix for our system by considering optical pumping
frequency ωD  ωe which allows us to adiabetically eliminate the ionic degree of freedom i.e. He
can be neglected. Hence our system Hamiltonian under RWA takes the form,
H = ~∆aaˆ†aˆ+ ~∆mbˆ†bˆ+ ~gopaˆ†aˆ
(
bˆ+ bˆ†
)2
− iη~(aˆ† + aˆ) (18)
8for the sake of simplicity, we will proceed with the quadrature representation of the Hamiltonian
as,
H = ~∆aaˆ†aˆ+ ~∆m
2
(
Qˆ2 + Pˆ 2 − 1
)
+ 2i~gopaˆ†aˆQˆ2 − iη~(aˆ† + aˆ) (19)
5.1. Dynamics of the System
The evolution of Hamiltonian given by Eq.(19) is given by the set of evolution equations obtained
using quantum Langevin equation,
daˆ
dt
= −i∆aaˆ− 2igopaˆQˆ2 − 
2
aˆ+
√
2aˆin − η (20)
dPˆ
dt
= −∆mQˆ− 4gopaˆ†aˆQˆ− Γ
2
Pˆ +
√
2ΓPˆin (21)
dQˆ
dt
= ∆mPˆ +
√
2ΓQˆin (22)
where, Pˆin and Qˆin represents the quadrature input noise of mechanical oscillator.
5.2. Quantum Fluctuations
As the fluctuations in a quantum system is relatively negligible then the steady state values hence
we can neglect the nonlinear terms arises due to the fluctuations i.e. aˆ → aˆ + λδaˆ, Pˆ → Pˆ + λδPˆ
and, Qˆ = Qˆ+ λδQˆ where we neglect nonlinear terms in λ,
d
dt
δaˆ = −i∆aδaˆ− 4igopaˆsQˆsδQˆ− 2igopQˆ2sδaˆ−

2
δaˆ+
√
2δaˆin (23)
d
dt
δPˆ = − (∆m + 4gop|as|2) δQˆ+ Γ
2
δPˆ − 4gopasQs
(
aˆs + aˆ
∗
s√
2
)
+
√
2ΓδPˆin (24)
d
dt
δQˆ = ∆mδPˆ +
√
2ΓδQˆin (25)
Now using the expression, δaˆ =
δXˆa + iδPˆa√
2
; δaˆ† =
δXˆa − iδPˆa√
2
and,
aˆs + aˆ
∗
s√
2
= Xs,
aˆs − aˆ∗s
i
√
2
= Ps
we get,
d
dt
δXˆa =
(
∆a + 2gopQ
2
s
)
δPˆa + 4gopQsPsδQˆ− 
2
δXˆa +
√
2δXˆina (26a)
d
dt
δPˆa = −
(
∆a + 2gopQ
2
s
)
δXˆa − 4gopXsQsδQˆ− 
2
δPˆa +
√
2δPˆ ina (26b)
9d
dt
δQˆ = ∆mδPˆ +
√
2ΓδQˆin (26c)
d
dt
δPˆ = − (∆m + 4gop|as|2) δQˆ− Γ
2
δPˆ − 4gopXsQsδXa +
√
2ΓδPˆin (26d)
The Drift Matrix written as,
M =

− 
2
∆˜a GPs 0
−∆˜a − 
2
−GXs 0
0 0 0 ∆m
−GXs 0 −∆˜m −Γ
2

where,
∆˜a = ∆a + 2gopQ
2
s
∆˜m = ∆m + 4gop|as|2
G = 4gopQs
and, the evolution equation of the optomechanical system due to quantum flactuations,
X˙ = MX +N (27)
where, XT =
(
δXa δPa δQ δP
)
representing the infinitesimal change in the system parameters
and, NT =
( √
2δXina
√
2δP ina
√
2ΓδQin
√
2ΓδPin
)
the noise matrix of the system.
5.3. Stability Conditions
The stability conditions can be deduced by applying the Routh-Hurwitz[28] criteria by finding
the nth polynomial equation of eigenvalues. And, the conditions for stability are,
l1 =
(
2
4
+ ∆˜2a
)
+
Γ
2
+ ∆m∆˜m > 0 (28)
l2 = ∆m∆˜m +G
2XsPs∆m +
(
2
4
+ ∆˜2a
)
Γ
2
> 0 (29)
l3 = ∆m∆˜m
(
2
4
+ ∆˜2a
)
+
G2
2
PsXa∆m −G2X2S∆m∆˜m > 0 (30)(
+
Γ
2
)
> 0 ; l1
(
+
Γ
2
)
> l2 ; l1l2
(
+
Γ
2
)
>
(
+
Γ
2
)2
l3 + l
2
2 (31)
which takes the same form as represented in Ref.[29] while discussion the effects of linear as well as
quadratic coupling in an optomechanical system simultaneously.
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6. CONCLUSION
In this article we have studied a quadratically coupled optomechanical system and observed the
variation of Transmission Intensity T with coupling strength g and ∆. A brief discussion of the
variation has been given in section (4). Later, we have constructed Drift Matrix by adiabatically
eliminating the atomic degree of freedoms. Finally we have given the stability conditions of the
quadratically coupled optomechanical system. In Fig.[1] at ∆e = 0 we can observe the transmission
amplitude is minimum because, the pumping frequency is at resonance with the two level atom
frequency; which amplifies the probability of absorption of incident photons and excitement of the
atomic system. In Fig.[2] we have discussed the variation of T with coupling between cavity mode
and two level atomic mode g. As the coupling decreases, due to less absorption of photons by two
level system we expect a better optical response as an output through T . The variation of optical
response with different parameter of the system definitely gives a better insight of optical response
of a quadratically coupled optomechanical system; along with the construction of drift matrix we
gave an enhanced insight about the effect of quantum noise on the system. In Fig.[3] we have
reproduced the results discussed in Ref.[25] for quadratically coupled system.
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